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Abstract. In this paper, we consider which lens spaces are obtainable by 
Dehn surgery described by Berge on doubly primitive knots. It is given an 
algorithm to decide whether a given lens space is obtainable by such surgery. 
Also included is a complete characterization of such surgery yielding lens spaces 
with Klein bottles. 



1. Introduction 

Given a knot if in a 3-manifold, the following operation is called Dehn surgery 
on K: Remove an open regular neighborhood of K, and glue a solid torus back. 
Dehn surgeries on the trivial knot in the 3-sphere S 3 give the well-known class 
of 3-manifolds, so-called lens spaces. On the other hand, it is known that only 
restricted Dehn surgeries on non-trivial knots yield lens spaces. Such a non-trivial 
example was found by Fintushel and Stern in [5] , and then a lot of researches have 
been done about them. 

Based on the pioneering works by Berge [T], Gordon conjectured in [71 Problem 
1.78] that the knots admitting Dehn surgeries yielding lens spaces are all doubly 
primitive. In this paper, we concentrate our attention to such knots, and consider 
the problem: Which lens spaces are obtainable by Dehn surgery on such knots? 
Please see the next section for the definitions in detail. 

We first give an algorithm to decide whether a given lens space is obtainable 
by Dehn surgeries described by Berge on doubly-primitive knots. Our algorithm 
depend on the works on the triviality of three bridge knots presented in [6] , and so, 
it is quite effective. 

Next we consider a particular class of lens spaces; the ones containing Klein 
bottles. In the study of Dehn surgeries giving 3-manifolds with Klein bottles, 
Teragaito asked the following question: Which non-trivial knots admit Dehn surgery 
yielding lens spaces with Klein bottles? In particular, can hyperbolic knots admit 
such surgeries? Our result gives a partial answer to the question: 

Theorem 1.1. Dehn surgery on a doubly primitive knot described by Berge yields 
a lens space containing a Klein bottle if and only if the knot is either of the (±5, 3)-, 
or, (±7, 3) -torus knots. The lens spaces so-obtained are of type (16,7) or (20,9). 
In particular, no hyperbolic doubly primitive knots admit such Dehn surgeries. 
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We remark that a characterization of lens spaces containing Klein bottles was 
already established in [3] . 

Also remark that it has already known completely which lens spaces are obtain- 
able by surgery on torus knots in [9] . Furthermore, by [2 [131 HI] > it was shown 
that satellite knots admitting Dehn surgery yielding lens spaces are all certain ca- 
bled knots, which are shown to be doubly primitive. Thus our theorem implies the 
following corollary immediately. 

Corollary 1.2. Dehn surgery on a non-trivial non-hyperbolic knot yields a lens 
space containing a Klein bottle if and only if the knot is either of the (±5,3)-, or, 
(±7,3)-torus knots. The lens spaces so-obtained are of type (16,7) or (20,9). In 
particular, no satellite knots admit Dehn surgery yielding a lens space containing a 
Klein bottle. 

About the question above, recently, Tange showed that only lens spaces of type 
(16, 7) or (20, 9) are obtainable by Dehn surgeries on non-trivial knots. However 
nothing could be said there about the types of the knots admitting such surgeries. 

2. Preliminaries 

In this section, we will set up our terminologies. In the following, E(B; A) 
denotes the exterior of a subset B in a topological space A, i.e., E(B;A) — 
c\{A\r]{B; A)), where ij{B; A) means an open regular neighborhood of B in A. 
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Figure 1. 

2.1. Lens space. Let V\ be a standard solid torus in S 13 , m a meridian of V\ and i 
a longitude of V\ such that £ bounds a disk in cl(<S \ Vi). We fix an orientation of m 
and £ as illustrated in Figure [TJ Let p and q be coprime integers and m a meridian 
of Vi. Then, by attaching another solid torus Vi to V\ so that m is isotopic to a 
representative of the homology class p[£] + q[m], we obtain a lens space, denoted by 
L(p,q). 

2.2. Dehn surgery. Let if be a knot in a connected compact orientable 3-manifold 
N. We fix an oriented meridian-longitude system (m, £) for K like in Figure [T] 
When K <Z S 3 , we always take the preferred longitude for K as £. Recall that a 
Dehn surgery on a knot K is an operation to attach a solid torus V to E(K; N) 
by a boundary- homeomorphism if : dV — > dE(K; N). If if {in) is isotopic to a 
representative of the homology class p[m] + q[£] for a meridian m of V, then the 
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surgery is called p/q-surgery. By an integral surgery, we mean an r-Dehn surgery 
with r an integer. Set N v = E(K; N) U v V and let K* C N v be a core loop of V. 
We call K* the dita/ fcnoi of K in iV v . We remark that E(K; N) is homeomorphic 
to E(K*; N v ) and that if a Dehn surgery on K in TV yields a 3-manifold N v , then 
JsT* admits a Dehn surgery yielding iV. 

2.3. Doubly primitive knot and dual knot. Let H be a genus two handlebody 
standardly embedded in S 3 , i.e., E(H; S 3 ) is also a genus two handlebody. A simple 
closed curve on the boundary dH is in a doubly primitive position if it represents a 
free generator both of ir\{H) and of tt\{E{H\ S 3 )). A knot in S 3 is called a doubly 
primitive knot if it is isotopic to a simple closed curve in a doubly primitive position. 
Let K be a doubly primitive knot. When K is isotoped into a doubly primitive 
position, dH n dn(K; S 3 ) consists of two essential simple closed curves which are 
mutually isotopic in drj(K;S 3 ). The isotopy class is called a surface slope of K. 
We remark that a Dehn surgery along a surface slope of K is always an integral 
surgery. It is then proved by Berge [1] that any Dehn surgery along a surface slope 
of K yields a lens space L{p,q), which is also obtained by (— g/p)-surgery on a 
trivial knot, for some integers p and q. 

Moreover, he showed the dual knot of K in L(p, q) is isotopic to a knot defined 
as follows. 

Definition 2.1. Let V\ be a standard solid torus in S 3 , m a meridian of V\ and £ 
a longitude of V\ such that I bounds a disk in clf^ 3 \V%). We fix an orientation of 
m and £ as illustrated in Figure [TJ By attaching a solid torus Vi to Vi so that rh is 
isotopic to a representative of p[£] + q[m], we obtain a lens space L(p,q), where p 
and q are coprime integers and m is a meridian of V% . The intersection points of m 
and to are labeled by Pq, . . . , P p -i successively along the positive direction of m. 
Let tf {i = 1, 2) be simple arcs in Di joining P to P u (u = 1, 2, . . . ,p — 1). Then 
the notation K(L(p, q); u) denotes the knot t\ U t% in L(p 7 q). See Figure [2] 




Figure 2. Here, t 1 ^ is a projection of t% on dV\. 

If K(L(p,q);u) is the dual knot of some doubly primitive knot in S 13 , then it 
admits a Dehn surgery yielding S 3 . This Dehn surgery is longitudinal, that is, it is 
an integral surgery for a meridian-longitude system. We remark that the converse 
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does not hold in general; it is not necessary for any knot represented by K{L{p 1 q); u) 
to admit a longitudinal surgery yielding S 3 . 

Remark 2.2. It is known that two lens spaces L(p,q) and L(p',q') are (possi- 
bly orientation reversing) homeomorphic if and only if \p\ = \p'\, and q = ±q' 
(mod p) or qq' = ±1 (mod p). Also, we easily see that K(L(p,q);u) is isotopic 
to K(L(p,q);p — u). Hence for K(L(p,q);u), we assume that < q < p/2 and 
1 < u < p/2 in the remainder of the paper. 

3. Algorithm to detect obtainable lens spaces 

In this section, we will describe an algorithm to decide whether a given lens space 
is obtainable by Dehn surgeries on doubly-primitive knots along surface slopes. 

As an instructive example, let us check that the knot K(L(5, 1); 2) in £(5,1) 
can admit Dehn surgery creating S 3 . This implies that the lens space L(5, 1) is 
obtainable by Dehn surgery on some doubly primitive knot in S 3 . 
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K(L(5,1); 2) 
Figure 3. 




Figure 4. 
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Example 3.1. We consider a Heegaard splitting of genus two of L(5, 1) illustrated 
as in Figure [H which is obtained from the standard Heegaard splitting of genus one 
by stabilization. Note that the knot K(L(5, 1); 2) is isotopic to the dotted knot in 
Figure [3] below. Take the quotient of L(5, 1) by involution as illustrated in Figure 
[3] It follows from Figure [4] that the quotient space is S 3 . Let B be the 3-ball in 
Figure |4j which appears as the quotient of a equivariant regular neighborhood of 
K(L(5, 1); 2) in L(5, 1). Also the quotient of the axis of the involution gives a knot 
in S 3 as shown in Figure [5] 

If K(L(5, 1); 2) admits a Dehn surgery yielding S 3 , then, from the knot shown in 
Figure [5l the corresponding untangle surgery at the 3-ball B must give the trivial 
knot. This follows from the so-called Montesinos trick originally developed in [8]. 

In fact, it suffice to check the only two links shown in Figure [6) due the result of 
the second author given in [10l Theorem 2.5]. We can see that the knot depicted in 
the left side of Figure[|5]is actually trivial. Therefore K(L(5, 1); 2) can admit Dehn 
surgery yielding S 3 . 




Figure 6. 

In general, by the following procedure, we can determine whether the given 
L(p, q) is obtainable by a Dehn surgery on a non-trivial doubly primitive knot 
along a surface slope or not. 

(1) Consider the two- bridge link of type (p, q) represented by the Schubert form 
b(p, q). This knot has the diagram illustrated as in Figure [7] See [4] for 
example. 

For any integer u with 1 < u < p/2, we do the following steps (2)-(4) repeatedly. 
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(2) Put a vertex V on the diagram as illustrated in Figure [3 that is, put V on 
the M-th "wedge" from the left-bottom side of the pillowcase. 

(3) In the neighborhood of V, depicted as the encircled region in Figure [JJ 
make a crossing (the left) or do smoothing (the right) as in Figure [H 

(4) Exactly one of the two diagrams so obtained gives a 3-bridge knot (not a 
link). By the algorithm given in [6], we check the knot is trivial or not. The 
knot is trivial if and only if K(L(p,q);u) admits a Dehn surgery yielding 
iS 3 , that is, L{p, q) is obtainable by a Dehn surgery on a non-trivial doubly 
primitive knot along a surface slope. 




Figure 8. 



4. Proof of Theorem 11.11 

In this section, we consider the lens spaces containing Klein bottles, and give 
a proof of Theorem 11.11 In this case, by virtue of the result |10, Theorem 2.5] 
of the second author, we can determine the possible position of the vertex V in 
the algorithm in the previous section. To state [10| Theorem 2.5], we prepare the 
following notations. 

Definition 4.1. Let p and q be a pair of positive coprime integers. Let {sj}i<j< p 
be the finite sequence such that < sj < p and Sj = q • j (mod p). For an integer 
k with < k < p, ^> p , q (k) denotes the smallest integer j with Sj = k, and & P ,q(k) 
the number of elements of the set {sj\ 1 < j < ^^(fc), Sj < k}. 
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Then the following is our key lemma. 

Lemma 4.2 (10, Theorem 2.5]). Let p and q be coprime integers with < q < p 
and u an integer with 1 < u < p— 1. If K(L(p,q);u) admits longitudinal surgery 
yielding S 3 , then we have 

P ■ $p,q(u) - U ■ ^p,q(u) = ±1 Or ±1 - p. 

In particular, p and u are coprime. 

By using this, we prove our theorem as follows. 

Proof of Theorem Let if be a doubly primitive knot with a Dehn surgery along 
a surface slope yielding a lens space M containing a Klein bottle. Then M have to 
be of type (4n, 2n — 1), where n is a positive integer, up to (possibly orientation- 
reversing) homeomorphism [3] . Hence the dual knot K* of K in M is represented 
by K(L(4n, 2n — 1); it) for some positive integer u. Note that this K* have to admit 
a longitudinal surgery yielding S 3 . 

Claim 4.3. If K(L(4:n, In — 1); u) with (n > 2) admits longitudinal surgery yielding 
S 3 , then < &4n.2ri-i(u) = and one of the following holds. 

(n,«) = (4,3),(4,5),(5,3),(5,7) 

Proof. Since K(L(4n, 2n— 1); u) admits a longitudinal surgery yielding S 3 , it follows 
from Lemma [4.21 that 4n and u are coprime. Hence u is an odd integer. By Remark 
12.21 we can assume that u < 2n. Then the sequence {%}i<j<4n f° r 2n — 1) is : 

{2n — j (mod p) if j is odd 
4n — j (mod p) if j is even 

In particular, a sub-sequence {uj}\<j<2n-i of {uj}i<j<4 n satisfies the following. 

(1) Uj is odd if j is odd, and Uj is even if j is even. 

(2) Each of sub-sequences {u2k-i}i<k<n and {u2k}i<k<n is monotonically de- 
creasing. 

(3) max{u 2 fc_i | 1 < k < n) = U\ = 2n — 1 and min{u 2 fc | 1 < k < n} — 
U2n-2 = 2n — 2. Hence we have max{u2fc-i | 1 < k < n} < min{u2fc | 1 < 
k < n}. 

Let m be the integer satisfying u rn = u, that is, m — ^ r 4 n ,2n-i(w). Then u = 
2n — m. Since u is an odd integer less that 2n, we see that 1 < m < 2n — 1. 
This implies that Mj > u for any integer j satisfying 1 < j < m — 1 and hence 
< i ) 4n,2ri-i(w) = 0. Therefore we have the first conclusion of the claim. 

By Lemma l4~2l we also have : 

u ■ m = ±1 or4n±l. 

Case 1. u ■ m = ±1. 

Since u and m are positive integers, we have u = m = 1. This implies that 
= 1 and hence n — 1. This contradicts that n > 2. 

Case ,2. u ■ m = An ± 1. 

In this case, we first note that 771 7^ 2. Hence we have the following. 
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u ■ m — An ± 1 
(2n — m) ■ m = 4n ± 1 

„ 4± 1 
2n = m + 2 H 

m — 2 

Since m and n are positive integers, we have the desired conclusion. □ 

By this claim, the possible type of the obtained lens space M is (16, 7) or (20, 9). 
In fact, by applying our algorithm, we can directly check that K(L(An, 2n— 1); u) 
actually admits longitudinal surgery yielding S 3 for (n, u) — (4, 3), (4, 5), (5, 3), (5, 7). 
Let us consider these cases in detail. 

Case 1. K* = if (£(16, 7); 3) or K (L(16, 7); 5). 

Since $16,7(3) = $16,7(3) = 0, we can see that K* is a torus knot (cf. [TTl 
Proposition 5.2]). Since E{K*;M) ^ E{K;S 3 ), E{K;S 3 ) admits Seifert fibration 
and hence K is a torus knot. It then follows from Van-Kampen's theorem (cf. [T^l 
Section 5]) that 

in{E{K;S 3 )) = m{E(K*;M)) 
= {x,y I x 5 =y 3 ). 

This implies that K is the (±5,3)-torus knot, and the obtained lens space M is 
homcomorphic to 1/(16, 7). 

Case 2. K* = K{L(20, 9); 3) or K(L{20, 9); 7). 

In the same way as above, we see that if is a torus knot. It also follows from 
Van-Kampen's theorem that 

MEiK^ 3 )) Si ^{E^-M)) 
= (x,y I x 7 = y 3 ). 

This implies that K is the (±7, 3)-torus knot, and the obtained lens space M is 
homeomorphic to £(20, 9). □ 
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